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ABSTRACT 
The master’s thesis deals with the characterization method of the electron emitter for an 
electron microscope – Fowler-Nordheim analysis. The method is based on the presence of 
quantum tunnelling, which occurs during the field emission of electrons. The work contains 
the theoretical background to the topic, as well as the practical part. The theoretical 
introduction describes the electron emission, quantum tunnelling phenomenon and the 
parameters of the electron emitters. In the second part, the thesis focuses on the experimental 
study of the field-emission cathode. The essential characteristics of the emitter are computed. 
These characteristics determine the overall quality of electron emission, as well as provide 
information about the actual condition of the emitter. The results of the F-N analysis are 
subsequently compared with the results of the computer simulation of the field-emission. The 
simulation is performed in COMSOL Multiphysics software using the finite element method 
(FEM) and enables to assess the relevance and accuracy of the F-N analysis. 
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ABSTRAKT 
Téma diplomové práce je zaměřeno na metodiku charakterizace autoemisního zdroje pro 
elektronový mikroskop. Použitá metoda – Fowlerova-Nordheimova analýza je založená na 
přítomnosti kvantového tunelování, ke kterému dochází v průběhu autoemise elektronů. Práce 
je obsahově dělena na teoretický úvod do problematiky a praktickou část. Teoretický úvod 
popisuje emisi elektronů, kvantové tunelování a vlastnosti emisních zdrojů. Druhá část 
diplomové práce se věnuje experimentální analýze autoemisní katody. Součástí analýzy je 
výpočet základních charakteristik této katody. Vypočtené hodnoty stanovují celkovou kvalitu 
elektronové emise a zároveň poskytují informace o aktuálním stavu autoemisní katody. 
Výsledky F-N analýzy jsou poté srovnány s výsledky počítačové simulace autoemise 
elektronů. Simulace je provedena v programu COMSOL Multiphysics, který k výpočtu 
používá metodu konečných prvků a je nástrojem pro hodnocení významu a přesnosti 
Fowlerovy-Nordheimovy analýzy.  
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The master’s thesis deals with the characterization method of the electron source, which is 
intended for an electron microscope. In principle, the method is based on the presence of 
tunnelling phenomenon, which takes place during the cold-field emission of electrons. 
Firstly, the particular types of emission are introduced and described in more detail. The 
substantial part of the work focuses on examining the field emission and the phenomenon 
which is related to this emission type – quantum tunnelling. After the necessary theoretical 
background, the work moves onwards to the technical realization of the electron emitters. In 
this part, the work focuses on the most important parameters of the electron emitters. The 
main objective is the type of the emitters based on the field emission, where the preparation of 
the field-emission cathodes is discussed. In the end of the theoretical part, the transmission 
electron microscope (TEM) is described, since the emitters mentioned above are commonly 
fitted in electron guns of TEM as the electron source. 
In the second part, the thesis deals with the experimental study of the field-emission 
cathode.  The method used for this purpose is the Fowler-Nordheim analysis. The data from 
the experimental measurement are undergoing the analysis, which has two main objectives: 
(1) to prove that the field emission in the measurement is a consequence of the quantum 
tunnelling phenomenon and (2) to calculate basic cathode characteristics, which can be 
correlated with the cathode performance. These characteristics of the emitter are essential for 
determining the overall quality of electron emission providing information about actual 
condition of the emitter. 
The last part of the thesis describes the computer simulation of the field emission, carried 
out by using the finite element method implemented in COMSOL Multiphysics 4.3 software. 
At first, the theory of finite element method and COMSOL software are introduced. The main 
goal of this part is to simulate the experimental measurement with the most possible accuracy 
and obtain the results comparable with the ones from the Fowler-Nordheim analysis. The 
emphasis is put mainly on the electric field distribution in the vicinity of the tip of the 
cathode. Finally, the results from the computer simulation and F-N analysis are compared, 




1 Potential Energy near Metal-Vacuum Interface 
Electrons in a metal are attracted to the positive ions. This fact gives rise to the potential well 
of depth U in which the electrons are located. The sharp potential step could be presented as a 
barrier which prevents the electrons from overcoming it. Possible quantum mechanical states 
for these electrons are displayed as horizontal lines, as is visible in Chyba! Nenalezen zdroj 
odkazů.. Electrons fill all the available states up to the Fermi level μ (the highest energy level 
that an electron can reach or occupy in a material at absolute zero temperature). The work 
function Ф is defined as the minimum energy needed to remove an electron from the metal.  
At absolute zero temperature, the height of the barrier is determined from the Fermi level 
μ of the metal and is equal to the work function of a metal Ф. Therefore, the work function Ф 
of a metal is equal to the minimum energy, which an electron with the Fermi energy EF must 
possess in order to surmount the barrier and escape from the surface of a metal [1].  
 
 
Fig. 1.1: Plot of potential energy of the electrons in a metal’s surface [4]. 
 
Both, the inner potential and the electrostatic potentials influence the level of the work 
function of a metal. The inner potential is defined in terms of the difference between the 
chemical potential of an electron inside the surface and its chemical potential outside of the 
metal. Electrostatic potentials are present at the metal surface as a result of a dipole layer. The 
dipole layer is a product of the unsymmetrical arrangement of electrons at the metal surface.  
The electrostatic potentials vary with the structure of the surface. That is the reason why 
various crystallographic planes have different work function values. The typical work 
function values for metals which used within the field-emitters are located mostly from 4 to 5 
eV [3].  
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2 Electron Emission 
The emission of electrons can be carried out in many ways (e.g. thermionic emission, field 
emission, photoemission, p-n junction emission, etc.). However, only some of them are 
capable to be used as a source of electrons by devices using focused electron beam.  
The principle of thermionic emission and photoemission consists of providing the 
electrons from the metal with sufficient energy. The electrons are emitted as a result of an 
energy increase, which allows them to overcome the potential barrier and to escape from the 
metal. In case of the thermionic emission, the electrons obtain the kinetic energy as a result of 
heating. In photoemission, the electrons acquire the energy as a result of irradiation of the 
metal surface. Irradiated photons with the energy greater or equal to the work function enable 
electrons to leave the metal surface.  
There is a significant difference, when comparing these two techniques with field 
emission. For the field emission, the electrons do not have to gain the energy from the 
external source in order to overcome the potential barrier. The high external electrostatic field 
is applied instead. The electrostatic field causes deformation of the potential barrier and hence 
the electrons are able to pass through. This phenomenon is called quantum tunnelling.  
2.1 Thermionic emission 
As it was mentioned above, the thermionic emission is a phenomenon in which the electrons 
in a metal gain the thermal energy and therefore are able to escape from the surface of the 
metal. The ability of the electrons to leave the surface resides in overcoming the work 
function Ф of the metal by increasing the thermal energy. Electric field is in this case 
considered weak and negligible. This phenomenon is illustrated in Fig. 2.1: Energy diagram 
of thermionic emission process.Fig. 2.1. 
Thermionic emission may be measured using the metal wire as the cathode collecting the 
emitted electrons on an electrode (anode). Therefore it is possible to determine the emission 
current density. 
In 1901, O.W. Richardson published the results of his experiments, in which he proved 
that the emission current coming from a heated wire depends exponentially on the 
temperature of the wire [13]. Hence, the emission current density is given by the following 




 2 ,      (2.1) 
where A is a material constant of the metal, T is the temperature of the metal, Ф is the 
work function of the metal in eV, k is the Boltzmann constant (Ф is approximately 4.54 eV 








Fig. 2.1: Energy diagram of thermionic emission process. 
2.1.1 Effect of External Electric Field 
Let the electron, which is distant from the metal surface, assign the zero potential energy. 
Once the electron gets close enough to the metal, the metal polarizes and attracts the electron. 
Polarization of the metal increases the image force. The electron, therefore, has the image 
potential energy equal to this force.  
 
Existence of the image potential has some serious consequences: 
1. Reflection of emitted electrons is decreased in comparison with the reflection 
when the change of the potential is steep. 
2. Image potential also leads to decreased work function in the presence of 
external electric field. This is Schottky’s phenomenon and is described as follows: 
 
Taking into account, that the external electrical field is present (e.g. due to the emitter’s tip 
sharpening) between the emitting metal surface and the anode, the emission current is 
significantly increased for the given temperature. The reason is that the electron in the metal 
has the potential relevant to the external field. By the addition of this potential with the image 
potential, the resultant potential is determined. Given the potential, it is easier for the electrons 
to leave the metal surface in comparison with the situation without the external electric field. 
For that matter, the potential barrier is deformed (the work function is decreased). It is 




Fig. 2.2: Energy diagram of thermionic emission considering the influence of the external electric 
field. 





 ,      (2.2) 
where jT is the thermionic emission current density calculated without the influence of the 
electric field and ∆Ф stands for the decrease of the work function due to the presence of the 
electric field.  
In case of further increase of the electric field at the metal surface, the emission of the 
electrons occurs also at room temperatures. This process cannot be explained using classical 
physics and therefore it is the main subject of the next chapter.  
2.2 Field Emission of Electrons 
To explain the field-emission phenomenon, it is necessary to clarify the tunnelling effect at 
first.  
2.2.1 Tunnelling Effect 
The essential condition for the tunnelling phenomenon is the existence of two systems whose 
energy levels (both occupied and unoccupied) are separated from each other by the potential 
barrier of finite height and of a very small thickness. The model is illustrated in the Fig. 2.3. 
One electron is in the potential well representing the metal. The barrier with height Ф and 
12 
 
thickness d keeps the electron from escaping the well. When the external electric field (with 
sufficient strength) is applied, the potential barrier is narrowed and the electron is able to 
tunnel through. This event can be explained by the means of quantum mechanics. 
Heisenberg’s uncertainty principle states that the wave nature of the electron involves 
inherent uncertainties in its particle properties [10]. If the uncertainty in position of the 
electron and the potential barrier width are of the same order, a finite probability exists that 
the electron has tunnelled through the barrier. The likelihood of the penetration of electron 
through the barrier is exponentially dependent on the height and thickness of the barrier [5]. 
 
 
Fig. 2.3: Model of the tunnelling of an electron (with Fermi energy EF) from the potential well (M) 
through the barrier (B) with thickness d to vacuum (V) [5]. 
2.2.2 Field-Emission of the Electrons 
As it has already been mentioned above, this kind of emission differs from the thermionic 
one. In case of the thermionic emission the electrons leap over the potential barrier, whereas 
in the field emission the electrons tunnel through, as a consequence of the applied external 





The field-emission process involving the effect of the field on the shape of the potential 





Fig. 2.4: Energy diagram of field emission (tunnelling). 
 
The applied field potential can be expressed as follows: 
 
       
EexxU field )( ,     (2.3) 
where E is the applied field strength and e is the electric charge. As it was mentioned 
before, the barrier potential for the electrons with no electric field applied (considering the 
Fermi level the coordinate origin) is equal to the work function of the metal 
 
         
)(xUbarrier  ,      (2.4) 
However, when the field effect is taken into account, the effective potential for the 
electrons is given by the equation 
 
  
EexxUeffective )( .    (2.5) 
From the two equations introduced above one can deduce that the potential barrier is 





 .     (2.6) 
The equation 2.6 leads us to the conclusion, that the higher the electric field is applied, the 
more narrowed the barrier will be. Consequently, the probability of tunnelling of the electrons 
increases with the field strength, hence the field emission is increased as well [2]. The field 
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emission of the electrons is characterized by the quantity – field emission current density. The 
field emission current density is defined as a function of the work function of a metal Ф and 
the field strength of an applied electric field E. This conclusion was conceived by Fowler and 
Nordheim. The equation (Fowler-Nordheim equation) for the field emission current density 























],   (2.7) 
where all the energies are expressed in electron volts and the electric field strength E in 
volts per centimetre. Here, Ф is the work function of the metal and μ is the Fermi energy [12].  
The equation relies on the fact that the cathode is infinite flat surface characterized by 
unvarying work function. The form of the equation can be adjusted also for other shapes 
though. Fowler-Nordheim equation as given above is valid only for the zero temperature, 
although the field emission is only slightly dependent on the temperature in the range of low 
temperatures. It is different in the range of higher temperatures though. The excited electrons 
fill up also the energy levels right under the peak of the potential barrier; hence the emission 
current density is increasing. This type of emission is so-called thermionic field emission.  
2.2.3 Field Emission Considering Coulombic Interaction 
The field emission of the electrons might be described in a more accurate way. The main 
element missing from the previous explanation is the coulombic interaction between the 
electron and its induced image charge on the surface of the cathode while tunnelling through 
it [1]. The image potential is defined as  






  ,      (2.8) 
The expression above is only valid unless the electrons are in close proximity of the 
surface of the metal. That is because the image potential is diverging for small distances x. 
Nevertheless, the equation is a sufficient approximation to estimate the influence of an 
external electric field on the potential barrier [11]. 
The effective potential for the electrons defined by the equation 2.5 is now considering the 
image potential as well and can be rewritten in the form 








,      (2.9) 
The shape of the potential barrier influenced by both the externally applied electric field 
and the image potential can be seen in the Fig. 2.5. In case the electric field is not applied, 
there is a noticeable difference between the shape of potential barrier influenced by the image 
potential and the one where the image potential is neglected. When neglecting the image 
potential, the shape of the barrier is sharp-edged, as can be seen in the Fig. 2.4. Once the 
image potential is taken into account, the shape of the barrier is blunter on the top.  
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Likewise, the shape of the effective potential barrier (when external electric filed applied) 
is changed due to the image potential presence. Both, the height and width of the barrier are 
smaller in comparison with the barrier when the image potential is neglected.  
Based on the facts mentioned above, it can be assumed that since the probability of 
tunnelling is higher for the thinner barrier, the calculated current density is larger when the 
image potential is taken into account [2]. With this correction in the potential, the Fowler-






















],  (2.10) 
where α is the image correction term. 
The theory of Fowler-Nordheim tunnelling, particularly the Fowler-Nordheim plot will be 




Fig. 2.5: Energy diagram of field-emission tunnelling, considering the effect of image potential [2]. 
2.2.4 Field Emission with the Adsorbed Particles 
It is possible to decrease the work function of the metal (e.g. tungsten) by the surface 
adsorption of alkali metals or atoms of alkaline earth metals. The lowest value of the work 
function can be reached when the atoms are adsorbed in monatomic layer. For instance, the 
work function of tungsten (4.5 eV) is able to decrease by caesium adsorption to the value of 
1.5 eV. On the other hand, the adsorption of oxygen would result in the work function 
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increase. The reasons for changes of the work function are the main subject of the next 
paragraph.  
At first, it is necessary to describe the potential energy of the atom as a function of the 
distance from the surface of the metal. Due to the atom’s ability to polarize, the curve 
representing the atom’s potential energy appears as in the Fig. 2.6. The energy DA 
corresponds to the energy required for the splitting the adsorbed atom off the metal’s surface. 
If the atom is ionized at the point A by gaining the ionization energy I, the electron is then 
attracted to the metal surface, which means the energy gain is equal to the work function of 
the metal. The curve representing the potential energy for ion has its starting point (P) shifted 
by the value (I-Ф) above the curve for an atom. When the ion approaches the metal surface, it 
reaches the area of the image force. Attractive forces have a coulombic potential character, 
which is indirectly proportional to the distance of the ion from the metal. Quantity Di stands 
for the binding energy of the ion. If the point Q is located under the point B, the atom is 
adsorbed to the metal surface as a positive ion. The precondition for the adsorption of the ion 
is  
Ai DID  .     (2.11) 
That means that the atoms with the low value of ionization energy may be adsorbed as the 
positive ions. This behaviour is typical for the atoms of alkali metals or alkaline earth metals, 
when adsorbing to the metal with the high value of the work function (e.g. tungsten). 
Adsorbed positive ions and the negative surface of the metal form together the dipole layer. If 
the electron transfers through the layer (from the metal to the vacuum), the potential energy is 




Fig. 2.6: The curve ABC representing the potential energy of an atom as a of the distance from the 






2.2.5 Towards the Fowler-Nordheim Plot 
The electrostatic field at the surface of a metal is increased at the locations of high curvature. 
The field at the surface of the sphere shaped metal object when the voltage V is applied is 
determined by the equation 
R
V
E  ,       (2.12) 
where R is the radius of the sphere. 
In real experiments, the electrode is not spherically shaped, but rather pointed. Based on 
the preceding statement, one can assume that the electrostatic field at the surface of a sharp tip 
is smaller than the field at the sphere shaped object. The electrostatic field at the surface of a 
sharp tip is defined by the equation below: 
kR
V
E  ,       (2.13) 
where k is the field reduction factor. It is obvious from the equation 2.13, that smaller 
radius of the tip causes higher value of electrostatic field. As it can be seen from the Fowler-
Nordheim equation, the higher the electrostatic field results, the higher field emission current 
density is. Total field emission current I as a function of the tip radius is determined by 



























102.6 [A],   (2.14) 
where A is expressed in cm
2
 and the electrostatic field E is expressed using the equation 
2.13. This equation relates the field emission current to the tip sharpness. Therefore, it is 
possible to estimate the tip sharpness from the field-emission data. 
Observing the field emission current produced by the tip as a function of the voltage 
applied can be a useful tool for quantitative characterization of tip sharpness. The equation 
2.14 implies that when a given voltage is applied, the smaller is the radius of the tip, the 
higher the emission current is being produced. The radius of the tip can be estimated using the 
Fowler-Nordheim equation. Dividing the equation 2.14 by V
2
 and taking the natural logarithm 


























  ,   (2.15) 
where I is expressed in A, V in V, A in cm
2, μ and Ф in eV and R in cm. Then the plot of 
lnI/V
2
versus 1/V yields the straight line of slope -6.8×107Ф3/2AkR, which is the ratio related to 
the parameters appearing in the Fowler-Nordheim equation. The plot is known as the Fowler-
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Nordheim plot and is based on the data gained from monitoring of the field emission current 
for the range of applied voltage. In general, the Fowler-Nordheim plot is used to interpret 
experimental data related to the field electron emission described by the Fowler-Nordheim 
equation. The Fowler-Nordheim plot is a useful tool for the tip radius determination, provided 
that the values of Ф, A and k are known. 
Since the material of the cathode is polycrystalline, the work function varies for differently 
oriented crystallites. Crystallites whose faces are closely packed have a higher value of the 
work function and for that reason yield lower emission current. However, different 
crystallographic planes (with different values of the work function)contribute to the field 
emission. Therefore, it is reasonable to use the average value of work function for tungsten 
(4.5 eV) to calculate the emission current. 
The other value which ought to be determined is the image correction factor α. In practice, 
the correction factor is set as unity and therefore neglects the image potential. However, this 
estimation is sufficient because in either case, only the gross estimate can be done using 
Fowler-Nordheim plot. This is due to the fact, that the determination of the values Ф, A and k 
is related to the precise geometry of the tip and that is unknown during the monitoring of the 
field emission. 
Another parameter which needs to be estimated is the field reduction factor k. It is a 
common practice to take the value of the field reduction factor to be approximately 5, since 
this value is acceptable for most tip geometries used in practice [1]. However, k is 
approaching higher values for the sharper tips and lower values for the blunter ones. For sharp 
tips, the value of k strongly depends on the shape and the radius of the tip apex and can reach 
values up to 35 [2]. 
To understand this issue, there is an example of the Fowler-Nordheim plot for five 
tungsten tips of different apex radius in the fig. 2.7. Based on the linearity observed, it is 
possible to assume that the plotted data fit the Fowler-Nordheim theory and therefore are the 
results of the field emission in which the quantum tunnelling occurs. Taking the known values 
of A and Ф, the kR can be estimated from the slopes of the plot. By estimating the appropriate 
values of k, the radii of individual tips can be determined. Moreover, the plot allows a 
comparison of the different tip radii. Fowler-Nordheim theory implies that sharper emitters 
display a flatter slope. Furthermore, the plots are shifted to the right side due to the fact, that 
the current is emitted for the lower applied voltages in case of the sharper emitters. It is 
obvious from the Fig. 2.7, that the line plotted for the sharpest emitter is the one at the side of 








3 Electron Emitters 
In the previous chapter, different types of electron emission were described. The emitters used 
for particular kinds of emission have different characteristics (material, construction, working 
parameters and requirements). Those characteristics are the main subject of this chapter. This 
chapter also contains detailed description of the emitter based on the effect of the electric 
field, since the emitter is the essential part of the field-emission microscope.  
3.1 Parameters of the Electron Emitters 
3.1.1 Cathode Material 
Certain requirements must be met regarding the materials of the cathode for the electron 
emission. Material is supposed to have the high value of the melting temperature, low work 
function, mechanical strength, as well as low chemical affinity. There are many suitable 
materials for the manufacturing of the cathode, but the most often used is tungsten. Although 
the value of the work function of tungsten (4.5 eV) is not optimal, the other requirements are 
met perfectly. The work function of tungsten can be lowered using adsorption, as mentioned 
in the chapter 2.2.4. Another material suitable for the cathode manufacturing is lanthanum 
hexaboride (LaB6). However, this material is not mechanically ideal to compose the holder of 
the cathode [5].  
3.1.2 Construction Possibilities 
Nowadays, several kinds of cathode construction are used. The one shown in the Fig. 3.1.a is 
the cathode for thermionic emission made of curved wire, also known as hairpin. Slightly 
different is the cathode with the sharpened wire (see Fig. 3.1.b), also used for thermionic 
emission. For thermionic field emission is used the cathode composed of the mounted wire 
with rather large radius (1-10 µm), illustrated in the Fig. 3.1.c. Field-emission cathode 
illustrated in the Fig. 3.1.d has similar construction arrangement, only with smaller radius of 
the wire apex (0.05-1 µm). 
The parameter which predetermines the tip for the particular type of emission is the 
diameter of the tip apex. The polycrystalline tungsten wire of a diameter 0.1- 0.2 mm is used 
as the cathode holder in most cases. In case of thermionic emission, the tip itself is made of 
polycrystalline tungsten wire. However, for the field emission, the tip is fabricated from the 
monocrystalline tungsten wire (in orientations 100, 111, 310). Another material suitable for 




Fig. 3.1: Cathode construction arrangements for different types of electron emission [5]. 
3.1.3 Electric Attributes 
As it has already been noted in the chapter 2.2.5, the strength of the electric field on the 
surface of the cathode is proportional to the applied voltage and indirectly proportional to the 
radius of the tip apex. The narrowing of the potential barrier outside the surface of the 
sharpened cathode is illustrated in the Fig. 3.2. The potential distribution along the optical axis 
and can be presented when the emitter is placed between the capacitor plates (composed of 
the area near the cathode and anode) [5].  
 
 
Fig. 3.2: Potential distribution along the optical axis for field (left) and thermionic emission (right) [5]. 
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Gradient of the potential is dependent on the disturbances of the potential distribution 
which are caused by the presence of the cathode between the capacitor plates. The potential 
gradient is increasing with the decrease of the disturbances. Certain type of emission is given 
by the geometry of the emitter, shape and the spatial arrangement of the electrodes and also 
by the combination of the working temperature and the applied field. Based on these 
parameters, it is possible to optimize the emitter for the required purpose. 
The emitters are characterized by two main quantities: the emission current density and 
the electron beam brightness. The electron beam brightness is defined as follows: 
2
j




],     (3.1) 
where j is the emission current density and the α is the half-angle in which the electrons 
are emitted [5].  
It has already been noted, that the emission current density increases with the decrease of 
the tip apex radius. Therefore the tip diameter of the cathode used for the thermionic emission 
is approximately 100 µm and for the field emission less than 0.1 µm. The achievable values 
of the emission current density and the electron beam brightness for different kinds of 
emitters can be seen in Tab. 3.1. 
Tab. 3.1: Comparison of the emitters 
Thermionic emission cathode LaB6 cathode Field-emission cathode 
j (A.m
-2


















The emission current density is dependent mainly on the work function, as was noted in 
the chapter2. The value of the work function varies with the material, crystallographic 
orientation and the chemical properties of the surface (see Tab. 3.2).  
Tab. 3.2: Working function for the different cathode materials 
Polycrystalline tungsten 4.5 eV 








Tungsten with adsorbed atoms (ZrO2) 2.4 eV 
Lanthanum hexaboride 2.2 eV 
 
Another parameter which differs in case of thermionic and field emission is the virtual size 
of the emitter. The electrons during the thermionic emission are virtually radiated from the 
source approximately in tens of µm large, while in the field emission the size of the virtual 
emitter is roughly in units of nm.  
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Furthermore, the cathode is also characterized by the radiation angle, which is in for 
thermionic emission cathode 10
-3
 rad. Typical radiation angle for the field emitter is 10
-1
 rad. 
Also the value of generated emission current is unique for the certain type of emitter. The 
current taken from the thermionic emitter approaches values up to 400 µA (thermionic-field 
emitter 200 µA), while from the field-emission cathodes working in the room temperature 
reaches values only until 20 µA. Emitters fabricated from the lanthanum hexaboride produce 
current from 100 to 300 µA. 
It is possible to conclude based on the paragraph above that the thermionic emitters are 
more suitable for the systems working with the wider electron beam (above 0.1µm) and 
higher currents. On the other hand, the field-emission cathodes are the powerful source when 
working with the electron beams in the submicron range, due to their high value of electron 
beam brightness. Perhaps the better understanding gives the Fig. 3.3 [5, 14].  
 
 
Fig. 3.3: Dependence between the emission current and the reachable radius of the beam for different 
cathodes [2]. 
3.1.4 Vacuum Requirements 
Individual emitters are operating in various vacuum conditions. The lower is the working 
temperature; the higher are the requirements for vacuum and the composition of the residual 
atmosphere. Overview of the requirements for the vacuum intended for different cathodes can 












Thermionic field emission 10
-6
 Pa 
Field emission (room temperature) 10
-8
 Pa 
3.1.5 Noise properties 
The issue of the adsorbed atoms on the surface of the cathode was described in the chapter 
2.2.4. However, the changes of the work function due to the adsorbed atoms are associated 
with the noise properties of the cathode. Thermionic emitters display only high frequency 
noise with the small amplitude. In case of the field-emission cathodes, the noise is caused by 
the local changes of the work function, hence the noise is of high amplitude and low 
frequency under 1 Hz (particularly cathodes operating in the room temperature). The emission 
here is a result of a small number of the cathode atoms and therefore the absorption of other 
atoms changes the work function of a significant part of the emission area. Thermionic-field 
emitters show the noise of lower amplitudes and higher frequencies in comparison with the 
field-emission cathodes [5].  
3.2 Emitters Based on the Field Emission 
Further, this thesis is going to focus only on the field emitters, since this type of emission is 
used in the field-emission microscopy. This is the case in which the emission is a result of the 
effect of an applied electric field. The influence of the temperature has only supporting or 
stabilizing purpose. Temperatures of the field-emission cathodes are within a range from 300 
to 1800 K. As was noted in the chapter 3.1.4, the vacuum requirements in the field emission 
are higher in comparison the thermionic one; hence working with the high vacuum mode is 
necessary.  
The emission current is regulated by the voltage set on the auxiliary electrodes (suppressor 
and extractor). There are certain limitations of the emitters based on the field emission. On the 
one hand, the emission current is quite low (maximum 300µA) but on the other hand, it is not 
the most serious problem, since the electron beams with the currents above 10
-6
 are not able to 
be focused to the submicron dimensions. This is due to the coulombic interaction which 
results in the spatial and energy widening of the electron beam.  
It is essential to design the emitters so that the optical aberrations are minimal and 
therefore it is possible to make use of the high electron beam brightness. Even in these days, 
the tungsten as a material of the cathode is still the best fit to fulfil these requirements. The 
monocrystalline tungsten of diameter 0.1-0.2 mm is preferred. Individual 
monocrystallographic planes have different work function and the chemical affinity. The 
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work functions for the most used crystalline orientations of tungsten can be found in the Tab. 
3.2. 
For the emitters which are purely operating on the basis of field emission, the most proper 
orientation is (310). Tungsten monocrystallographic plane in this orientation has the lowest 
work function and chemical affinity. The chemical affinity determines the working 
temperature of the emitter. Emitters with the low chemical affinity are able to operate in the 
room temperatures. Therefore, if the tip is prepared in a way that the surface consists of the 
plane in this orientation, it is possible to reach the highest emission current along the optical 
axis and moreover, the room temperature is sufficient as a working temperature. However, the 
highest electron beam brightness can be achieved by sharpening the tip apex by the 
simultaneous influence of the electric field and the temperature. The radius of the tip apex is 
approximately 0.05-0.1 µm. The electric field strength on the surface of the cathode 




. The electron beam brightness when operating 







3.2.1 Construction of the Emitter 
The jet system consists of the cathode connected to the high-voltage supply unit and the two 
anodes in a row. The first anode regulates the emission current by the variable potential, also 
known as suppressor (2-5 kV), whereas the second one is grounded (extractor). Working 
energy is determined by the potential of the cathode. There are two possible ways of the 
arrangement of the anodes. In the first arrangement, the anodes form the electrostatic lens 
which focuses the electron beam. In the other possibility, the anodes create the weak lens 
forming the divergent electron beam, which subsequently needs to be focused. The most used 
configurations are illustrated in the Fig. 3.4. Since the size of the virtual source is small (nm), 
the optical system with only two anodes is satisfactory for majority of applications in 
microscopy.  
The emission current in case of the field-emission guns working at low temperatures is 
reaching very low values (20 µA). Therefore, the high value of the work function of tungsten 
is locally decreased by the adsorption of molecules or atoms of the residual gas, in order to 
increase the emission current. However, this method results in the low-frequency noise. The 
emission current is growing until the point when the cathode is damaged by the discharge. 
The maintenance of the cathode consists of the occasional heating of the cathode to 1000 K. 
For this reason, the cathodes are sometimes operating at the higher temperatures, which will 




Fig. 3.4: Arrangement model of the field-emission gun in realization with electrostatic projection lens 
(left) and with magnetic projection lens (right) [5]. 
3.2.2 Emitters with Activated Cathodes 
As described in the previous chapter, the emission current can be increased by the higher 
operating temperature and adsorption of the molecules/atoms, also known as activation of the 
cathode. The activation process is discussed in more detail in the chapter 2.2.4. For the 
construction of activated cathodes, mostly monocrystallographic tungsten is used. The tip 
apex is composed of the plane with the high chemical activity (for instance, orientation 
(100)). It is necessary to set the higher working temperature while operating with the activated 
cathodes, so that there is no possibility of further adsorption (would result in increasing of the 
working temperature). The advantage is that the vacuum requirements are less demanding (up 
to 10
-6
 Pa).  
During the activation process, the radius of the tip apex is enlarged on purpose, which 
leads to the decrease of the electric field strength on the surface. The emission current is 
growing due to the decrease of the work function by adsorbed atoms, increase of the 
temperature and enlargement of the emission area. As a result, the electron beam brightness 






). On the other hand, 
the working temperature values are in the range from 1200 to 1800 K, which results in the 




The cathodes operating at the above described conditions are known as thermionic-field 
cathodes. The two activation procedures used in practice are: 
1) activation by oxygen (O2), 
2) activation by zirconium and oxygen (ZrO). 
Cathodes Activated by O2 
The arrangement of the systems working with the oxygen activated cathodes is similar to the 
ones without adsorbed atoms or molecules. Activation is implemented by the cleaning of the 
cathode by annealing and subsequent increase of the partial pressure of oxygen. On that 
account, the working function drops to the value of 3.5 eV. The working temperature is in the 
range from 1000 to 1700 K. The main disadvantage of the oxygen activated cathodes is the 
high-frequency noise they display.  
Cathodes Activated by ZrO 
In case of the cathodes activated by zirconium and oxygen, the decrease of the work function 
is much more obvious. The value drops down to the value of 2.4 eV. The working 
temperature is within the range from 1200 to 1800 K [15]. There are two possible 
arrangements of the system. In the first one, the negative variable voltage is applied on the 
suppressor and therefore regulates the emission current. In the second possibility, the cathode 
is linked up to the suppressor and the emission current is regulated by the varying voltage on 
the extractor. The emission current is also increased with the increasing temperature. 
Activation is carried out by the increasing of the partial pressure of oxygen, while the 
zirconium from the reservoir (located in the place where wire is attached to the cathode 
holder) adsorbs on the surface of the cathode. The amplitude of the noise is much smaller in 




4 Preparation of the Tungsten Cathode 
There are several methods for preparing suitable tungsten tips, yet the goal is the same. In 
ideal case, the tip should be sufficiently sharp so that it is able to resolve details ant its apex 
should have a stable atomic configuration to produce reliable images. This section will 
discuss the techniques for preparation of the tungsten tips, as well as the annealing in ultra-
high vacuum environment. 
4.1 Electrochemical Etching 
Electrochemical etching of a tungsten wire is a method to produce the tungsten tips. The 
tungsten wire is immersed in an electrolyte solution with the auxiliary electrode. The voltage 
is applied between the two electrodes. The wire is undergoing dissolution and after certain 
period of time, the tungsten wire displays a sharp tip. The composition of electrolyte and the 
applied voltage is chosen based on the material of the cathode.  
The first phase of the tip preparation is cutting the tungsten wire into two pieces. The 
smaller part is spot-welded perpendicularly into the middle of the other one. The tip holder is 
held onto the etching station and can be moved vertically, so that it controls the length of the 
wire dipped in the solution. The mostly used electrolytes are KOH and NaOH. 
The tip and the auxiliary electrode are connected to a controller unit which is responsible 
for the bias voltage needed for the etching of the wire. Moreover, it monitors the current 
between the anode and the cathode and switches off the voltage once the etching is 
completed. The cut-off time is an essential parameter since it influents the shape of the tip. 
However it is more an empiric value than a defined one and that is why the etching process is 
observed by the optical microscope. 
During the etching reaction, the tungsten undertakes an oxidative dissolution to tungstate 
anions, which are soluble in water. When the tungsten wire is immersed into the electrolyte, 
capillary forces are forming a meniscus of solution around it. The meniscus shape defines the 
shape of the tip. This is due to the existence of a concentration gradient formed by the 
diffusion of OH
−
 ions to the tip. Furthermore, the soluble orthotungstate flows towards the 
lower end of the tip wire and generates a layer which prevents this part from being etched 
away [2].  
After certain time, the part of the wire near the meniscus becomes too thin to bear the 
weight of the lower part and therefore it breaks off and a sharp tip is produced. After the 






4.2 Cleaning Methods 
4.2.1 UHV Annealing 
Tungsten tips right after the etching process are relocated to the chamber with ultra-high 
vacuum. The surface of the tungsten tip is covered with contaminants which cannot be 
eliminated by water, acetone or ethanol. Heating the tip at high temperatures in ultra-high 
vacuum is a very effective method of desorption the undesirable layer. The principle of the 
annealing is as follows: at temperatures above 1000 K, the tungsten trioxide (WO3) on the 
surface of the tip reacts with tungsten and forms tungsten dioxide (WO2). Tungsten dioxide is 
unstable and sublimates around 1075 K. The temperature is reached by passing of a current 
through the tungsten wire, so that the tip is resistively heated. As a result, the pure tungsten 
surface is left. Furthermore, the annealing smoothes the crystallographic defects generated by 
the etching process [16].Afterwards, the tip is heated again at a much lower temperature for a 
longer time. The purpose of this step is to desorb other remaining impurities and also to degas 
the tip holder. 
4.2.2 Hydrofluoric Chemical Cleaning 
After the electrochemical etching is completed, the tip is immersed into hydrofluoric acid, 
where the tungsten oxides are solubilised. Since the tungsten does not react with the acid, the 
result of the process is again the clean tungsten tip. The complicated issue of this technique is 
to estimate the correct dipping time and concentration of the solution. Incorrect estimation 
may lead to a significant blunting of the tip. 
4.2.3 Ion Milling 
This technique removes the contaminants from the surface of the tip by firing the argon ions 
at it. The layer is damaged by sputtering. During the process, the ion beam is either aiming at 
the tip with a certain incident angle, or its axis corresponds to the axis of the tip. The exposure 
time is approximately tens of minutes and energy of the applied ion beam is set at units of 
keV. Moreover, ion milling also decreases the tip apex radius as the tungsten atoms are 
removed during the ion firing as well [17]. The tip apex after ion milling is not sufficiently 




5 Transmission Electron Microscope (TEM) 
The emitters described in the chapter 3 are widely used for the construction of the 
transmission electron microscope guns. The main objectives of this chapter are the operation 
of TEM and the requirements for its biological applications.  
5.1 Structure of Transmission Electron Microscope 
The transmission electron microscope is widely used in material and biological laboratories 
for imaging the structures, which are beyond the resolution of the optical microscopes, such 
as submicroscopic structures of cells, macromolecules, viruses and microstructures of 
inorganic materials as well.  
The transmission electron microscope consists of the electron gun plugged into the 
high-voltage power supply, accelerator, electromagnetic lenses forming the condenser, 
objective, intermediate and projector lenses and the chamber for image observation (see Fig. 




 Pa [6].  
 
Fig. 5.1: Structure of the transmission electron microscope.  
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The image in TEM is formed by means of the high voltage electron beam. The electrons 
are emitted by the electron gun, commonly fitted with tungsten cathode as the electron source. 
The electron beam is accelerated by anode at 100 kV to 400 kV with respect to the cathode. 
The beam is focused by electromagnetic lenses, and transmitted through the specimen. The 
electron beam transmitted through the specimen carries information about the structure of the 
specimen that is magnified by the objective lens system of the microscope. The structure of 
the specimen may be projected onto a fluorescent screen. The darker areas of the image 
represent those areas of the sample that fewer electrons were transmitted through (they are 
thicker or denser). The lighter areas of the image represent those areas of the sample that more 
electrons were transmitted through (they are thinner or less dense). The image can be also 
photographically recorded by exposing a photographic film or plate directly to the electron 
beam. To display the results on a monitor, the image can be detected by the CCD (charge-
coupled device) camera [6].  
The resolution of the TEM is mostly limited by spherical aberration (the outer electrons 
are deviated closer to the optical axis than the electrons in the middle). However, the 
aberration correctors are able to partially suppress spherical aberration to increase the 
resolution. Therefore the transmission electron microscope is able to provide images with 
resolution 0.1 nm.  
5.2 The Electron- Specimen Interaction 
As mentioned before, the image in transmission electron microscopy is formed by the passing 
of the electron beam through the specimen. Since the high-energy electrons are scattered to 
various directions (see Fig.5.2), it is possible to detect a wide range of signals. Therefore the 
transmission electron microscope may work in different modes according to the requirements 
of the application (bright field imaging mode, diffraction mode, electron energy loss 
spectroscopy or phase contrast).  
 
Fig.5.2: Signals formed in transmission electron microscope [6]. 
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5.3 Image Formation 
The interaction of the electron beam with the specimen results in the heterogeneous electron 
intensity distribution at the bottom surface of the specimen. Although the contrast is not 
sufficient to gain the valuable image and has to be improved. The improvement is carried out 
by elimination of certain electrons by the objective aperture. Therefore the overall contrast 
depends on many attributes (the specimen tilt, the incident beam convergence, position and 
size of the apertures).  
Thee main types of contrast are used in TEM: amplitude (scattering and diffraction 
contrast), phase (interferential contrast) and intensity contrast (Z-contrast).  
In image formation by amplitude contrast techniques, the objective aperture of a small size 
is used. The aperture allows only one electron beam to go through – straight or diffracted. 
During the phase contrast imaging, the size of the aperture is larger, so that more electron 
beams are transmitted. This mode enables the atomic resolution. The image formation by 
means of Z-contrast is only possible in TEM equipped with scanning system (STEM). The 
contrast takes advantage of non-coherently scattered electrons at large angle [6]. 
5.4 Limiting Parameters – Resolution of TEM 
The resolution of TEM is defined as the minimum resolvable distance in the object and is 
given by the minimal achievable diameter of the electron beam. The achievable resolution in 
technical and physical applications is 0.3 - 0.1 nm, whereas in biological research the 
resolution reaches only up to 5 nm.  
Electron rays that are inclined to the optic axis are not focused at the correct location, 
causing a blur in the image called aberration. The aberrations are defects limiting the lens 
performance. The most important defects are the spherical and chromatic aberrations and 
astigmatism. They all act together and are responsible for the final resolution in the image. 
The spherical aberration arises because electrons, which are further away from the optic 
axis are bent more strongly by the magnetic field than those near the axis. This results in an 
enlarged image of a point in the image plane. 
The goal in electron microscopy is to generate electron beam with a single wavelength 
also called monochromatic. In reality the high-voltage power supplies cause a spread in the 
energy of the electrons emitted by the electron gun. In TEM in addition to the energy spread 
caused by the power source, electrons with different wavelengths are generated during the 
interaction of the electron beam with the sample. All this leads to a distortion in the image 
called chromatic aberration. 
Astigmatism is a deviation from the rotational symmetry typical for the electromagnetic 
lenses. The defect may be caused by inhomogeneities in the iron of the lens, asymmetry in the 
windings or dirty apertures. As a result, the electrons diverge from a point object and are 
focused at two separate lines of foci. Astigmatism can be corrected with a stigmator. The 
33 
 
stigmator is usually an octuple of small electromagnetic coils that applies the additional field 
in the appropriate direction to compensate the distortion [19].  
5.5 Issues in Biological Applications 
Transmission electron microscope is a powerful tool in biology and medicine when it comes 
to imaging of the structures below the resolution of optical microscope. However, observing 
biological specimens in TEM is accompanied with certain issues.  
Firstly, it is necessary to remove the water from specimen, in order to prevent the water 
vaporisation and the sample destruction. Secondly, the organic molecules are highly sensitive 
when exposed to electron beam and therefore the specimen is susceptible to radiation damage. 
The radiation damage can be reduced by increasing the acceleration voltage, which results 
in lower probability of the inelastic interactions that are the main reason of the radiation 
damage. Another solution is to decrease the temperature of the specimen. When cooling down 
the sample up to the temperature of the liquid nitrogen, the resistance of the sample to the 
radiation damage raises 5 – 7 times.  
Another issue frequently met in biological applications is the weak contrast of the 
biological structures. Since the interaction of the biological sample with the beam results only 
in a low scattering of the electrons, the amplitude contrast is minimal. The contrast may be 
increased by decreasing the acceleration voltage, filtering the energy of scattered electrons or 
by reducing the size of the objective aperture. The optimal thickness of the specimen for 
biological applications is 40 - 100 nm. In case of thicker samples the contrast may be 
improved, but it leads to distortion of the image by chromatic aberration. Therefore the cells 
need to be cut to ultra thin slices. Contrast of the image may be also improved digitally after 








6 Field Emitter Analysis 
One of the aims of this thesis is to suggest a method for measuring, processing and analyzing 
the physical characteristics of the emitters based on the quantum tunnelling phenomenon. 
Therefore the main point of this chapter is the tool for analyzing the basic characteristics of 
the field-emission cathode – Fowler-Nordheim analysis.  
6.1 Fowler-Nordheim Analysis in Theory 
The Fowler-Nordheim analysis is a powerful tool for interpreting the field emission output 
data which makes it a wide-used method in practice (e.g. for microscope calibration).There 
are two main objectives of the analysis in this thesis. Firstly, the determination of the 
phenomenon causing the emission current is performed. Secondly, the computation of the 
main characteristics of the emitter is carried out. 
6.1.1 The Fowler-Nordheim Plot 
The Fowler-Nordheim plot is used to graphically interpret and analyze the data obtained from 
the experimental measurement. The purpose of using the Fowler-Nordheim plot is to confirm 
the assumption that the emission of the electrons from the cathode is caused by the quantum 
tunnelling. The theory regarding the Fowler-Nordheim plot can be found in the chapter 2.2.5. 
To verify that the electron emission is a consequence of the quantum tunnelling, the V-I 
relation has to fit the Fowler-Nordheim theoretical model. Otherwise, the cause of the 
emission current is not the quantum tunnelling, but some other phenomenon (thermal 





















,     (6.1) 
where V is the extraction voltage, I stands for the emission current monitored during the 
measurement, m is the slope and n is the y-intercept [1]. The linear dependence between the 
natural logarithm of the current divided by the square of voltage and the inverse of the voltage 
is obvious from the equation 6.1.  
To prove that the measured data are consistent with the form of the equation 6.1, the 
natural logarithm of the current divided by the square of voltage and the inverse of the voltage 
need to be computed and graphed afterwards. The yielded figure is linear in case the data fit 
the Fowler-Nordheim theoretical model. Furthermore, the computation of the least squares 























































































































n ,    (6.3) 
where N is the number of the data points [1]. 
Given that xi and yi stand for the (1/V) and ln(I/V
2
)respectively, the sums required for the 
computation of the m and n are obtained. Afterwards, the least squares line of best fit 
described by the linear form y = mx+b is graphed over the measured data points. Overlapping 
of the line and the measurement data proves that the data fit the Fowler-Nordheim model, and 
therefore the emission current is a consequence of the quantum tunnelling phenomenon [28].  
6.1.2 Characteristics of the Emitter 
Provided that the quantum tunnelling presence in was proved, Fowler-Nordheim analysis can 
be used to determine the physical attributes of the emitter. The main quantities determined by 
the numerical analysis are the emission area, the average electric field strength at the tip of the 
emitter, the emission current density and electron beam brightness. 
The electric field strength is defined by the equation 2.15. For the computation of the 
electric field strength value, one must calculate the field-voltage proportionality factor kR at 
first. The calculation is carried out by the iterative process, where the acceptable 
approximation for kR is found.  
Given the known values of the work function for tungsten Φ = 4.55 eV, the Fermi energy 
for tungsten EF = 10.46 eV, the image correction factor α, the slope m and the y-intercept n, it 
is possible to find the approximation for kR. The iterative procedure consists of the following 
steps [1, 27]: 
1. Setting α = 1 and kR = 1 





kR      (6.4) 
3. Calculation of the average field strength from the mean value of the extraction 
voltage using the equation 2.15. 
4. Calculation of the new value of α from the following equations: 












,     (6.6) 
where the Em is the mean value of the field strength computed in the previous step. 
5. Repeat from step 2 until the following condition is met 
8101  oldkRkR      (6.7) 
Using the value of kR, the average electric field strength is computed. It is also possible to 
compute the electric field strength for each value of the extraction voltage. The value of the 
electric field strength can be also estimated when assuming that the shape of the tip can be 
expressed by a hyperboloid. The electric field strength at the tip can be calculated by the 
















,     (6.8) 
where d is the distance between the tip and the anode and θ is, 
d
r
arctan ,     (6.9) 
where r is a tip curvature radius. 
 
The second quantity of interest is the cathode emission area A, which can be calculated 









k 6102.6 .     (6.11) 
 
Since all the values needed are already known, it is possible to calculate the emission 
current density and the electron beam brightness.  
6.2 Fowler-Nordheim Analysis in Practice 
The data undergoing the analysis were measured using the system which consisted of the field 
emitter placed in the high-vacuum chamber (vacuum level 10
-6
 Pa) including the high-voltage 
power supply. The measurement consisted of monitoring the total-emission current produced 
by the cathode at particular extraction voltage. The output current was read using the 






Tab. 6.1: Data from the experimental measurement 














The subsequent numerical analysis of the measurement data is carried out by the algorithm 
scripted in Matlab R2007b. The analysis is performed via graphical user interface (GUI), in 
which the user can plot the data and calculate values of the main cathode characteristics. The 
graphical user interface can be seen in the Fig. 6.1. 
 




The flow chart of the algorithm can be seen in the figure below: 
Fig. 6.2: The flow chart of the algorithm for the Fowler-Nordheim analysis. 
 
The first thing to be determined is the type of the emission which occurs during the data 
measurement. The aim is to prove, that the measured data fit the Fowler-Nordheim plot and 
therefore the emission type which takes place here is the field-emission (with the quantum 
tunnelling). To support the assumption, the V-I relation is plotted (see Fig. 6.3). Graphing 
these data, it is obvious that the total-emission current is increasing exponentially with the 
extraction voltage. 
The equation 6.1 shows that there is a linear dependence between the natural logarithm of 
the current divided by the square of voltage and the inverse of the voltage. In order to find out 
whether the measurement data fit the form of the equation 6.1, the natural logarithm of the 
current divided by the square of voltage and the inverse of the voltage need to be calculated 
and plotted (see Fig. 6.4). One can observe the linear relation between these two quantities 
from the plot.  
V-I relation 
plot
Fowler-Nordheim plot with the 
least squares line of best fit 
Slope m, y-intercept n
Calculation of the cathode 
characterization quanities





Fig. 6.3: Plot of the emission current dependency on the extraction voltage. 
 
 




The next step of the analysis is the computation of the least squares line of best fit. The 
slope m and the y-intercept n are computed using the equations 6.3 and 6.4. The computed 
values are: slope m = −1.15 × 103, y-intercept n = −18.12. The line of the best fit is graphed 
















































Linear dependence of data after F-N analysis
y = -1146.8681x1 + -18.1229x0
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over the measurement data, as can be seen in the Fig. 6.4. The line is overlapping with the 
data points, which implies that the measured emission current was caused by the quantum 
tunnelling phenomenon.  
Since the assumption of the quantum tunnelling presence is confirmed, the main cathode 
attributes may be determined using the Fowler-Nordheim analysis.  
In order to find out the field strength value at the tip of the cathode, the kR has to be 
computed at first, using the iterative procedure explained in the chapter6.1.2.The part of the 
script which is computing the value of kR is mentioned below: 
 
alpha = 1;  % the initial value of alpha and KR set to 1 
KR = 1; 
q = 0; 
dif = 1; 
 
whiledif>=1e-08 % maximal difference between the KR and KR_old 
 
KR_old = KR; 
KR = m/(-6.8e7*alpha*wf^(3/2));   % value of KR in cm 
E_tip = (V_mean/KR);        % value of the el. field strength[V/cm] 
g = (3.8e-4*(sqrt(E_tip)))/wf;   
alpha = sqrt(1-g);    % correction factor calculation 
dif = abs(KR-KR_old); 




The algorithm used for the computation yielded the value of kR = 3.19×10-8. At this point, 
it is possible to compute the values of the emission area of the cathode, the average electric 
field strength at the tip, the emission current density and electron beam brightness.  
The emission area and the electric field strength at the tip were computed using the 
equations 6.10 and 2.15 respectively, which yielded the value sin the tab. 6.2. As mentioned 
before, the electric field strength at the tip of the cathode can be computed via the hyperbolic 
approximation as well, by means of the equations 6.8 and 6.9, where the input values of the 
tip curvature radius and the tip-anode distance are respectively r = 10
-9 
m and d = 10
-3
 m.  
The emission current density is simply computed by dividing the emission current 
monitored in the measurement by the computed emission area. Since the aim was to compute 
the maximum value of the emission current density, the emission current measured at the 
highest extraction voltage (approximately 260 V) is used for the calculation.  
The last quantity to be computed is the electron beam brightness. The calculation of this 
quantity uses the equation 3.1, where the half-angle α = 1.28×10-2. 




Tab. 6.2: Calculated cathode characteristics 
KR (m) 3.19×10-8 
Area of the cathode (m
2
) 6.48×10-18 
Electric field at the tip (V m
-1
) 7.12×109 
Electric field at the tip calculated by hyperbolic approx. (V m
-1
) 3.53×109 
Emission current density at 260 V (A m
-2
) 1.85×1012 






The quantity values computed by the Fowler-Nordheim analysis correspond to the 
theoretical ones (see Tab. 3.1). The results of the analysis are further to be compared with the 
values obtained by the computer simulation. The simulation is performed in the COMSOL 
Multiphysics software, which uses the finite element method for the calculations. The 




7 Finite Element Method 
Finite Element Method (FEM) is a numerical technique used to obtain solutions to the 
differential equations of the boundary value problems, mostly occurring in engineering and 
mathematical physics. A boundary value problem can be explained as a differential equation 
together with a system of restraints, called the boundary conditions. A solution to a boundary 
value problem is a solution to the differential equation which also satisfies the boundary 
conditions [20]. Boundary value problems are called field problems as well. The field is the 
domain of interest and in most cases represents a structure of the model. The finite element 
method minimizes an error function and provides a stable solution while using the calculus of 
variations. The method can be simply described by approximation of the larger element by the 
number of equivalent smaller units (finite elements), which together form a mesh. In general, 
the finite element method is used in cases where many simple element equations are to be 
connected over elements in order to approximate a complex equation over a larger domain. 
Therefore the method is of great importance when solving problems with complicated 
geometries, loadings, and material properties, where analytical solutions can not be obtained 
[21].  
7.1 Background of the Finite Element Method (FEM) 
Strenuous solving of the complex engineering problems in the past led to the necessity of the 
finite element method invention. The fundamental conceit of the method was presented by A. 
Hrennikoff and R. Courant even sooner, although the term finite element was defined by 
Clough in 1960 [22]. The approaches used by the inventors are different, but the major 
principle of this method is the mesh discretization of a larger domain into smaller units 
(elements) [21]. In the early1960s, engineers used the method mostly for approximate 
solutions of problems in stress analysis, fluid flow and heat transfer. After the digital 
computer boom, the finite element method received a great deal of attention, since it became 
easier to perform the calculations involved in the finite element analysis. Implementation on 
the computers also enabled to solve a variety of problems by only a minor change of the input 
data. The application possibilities of the method got even wider with the development of high-
speed digital computers. There were several authors of the works devoted to FEM in this 
period, among them Przemieniecki, Zienkiewicz and Chung. The main objective of 
Przemieniecki’s work was the application of the method in stress analysis problems. The book 
written by Zienkiewicz and Chung in 1967 consists of detailed explanation of FEM, along 
with the applicability to any common boundary problem [23]. A little bit later in 1970s, the 
most commercial FEM software packages were introduced (e.g. Abaqus, Adina, Ansys, 
Comsol, VisualFEA). Since those days, FEM was applied to a wide variety of engineering 
problems and many other books and papers have been published. Nowadays, the finite 
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element method belongs among the most expedient analysis tools used by engineers and 
scientists [21].  
7.2 Engineering Applications of FEM 
Finite element method is has a very wide application scope, therefore only the most common 
areas of study with a typical application mentioned in brackets are listed below: 
 
 Civil engineering structures (static analysis of construction elements) 
 Aircraft structures (static and dynamic analysis of aircraft components) 
 Automotive engineering (modelling of crash situations) 
 Geomechanics (analysis of underground openings, soil-structure interaction 
problems) 
 Heat conduction (steady state/ transient temperature distribution in solids) 
 Hydrodynamics (steady state/ transient analysis of fluid flow) 
 Nuclear engineering (analysis of nuclear pressure vessels, temperature distribution 
in reactor) 
 Biomedical engineering (dynamic analysis of anatomical structures, stress 
analysis) 
 Mechanical engineering (stress concentration problems) 
 Electrical engineering (static and dynamic analysis of electrical devices) 
 Physics (modeling of physical phenomena) 
7.3 Advantages of FEM 
As it has already been mentioned above, the general principle of FEM is dividing of the whole 
domain into a set of interconnected elements, which implies some advantages over other 
numerical methods (Finite Difference Method, Boundary Element Method, etc.): 
 precise representation of particularly complex geometry, therefore the finite element 
structure closely resembles the original structure 
 material properties may change from one element to another (even inside the element) 
and the anisotropy in material is acceptable 
 simple representation of the final solution 
 consideration of local effects 
 versatility - capability to solve a wide variety of engineering problems 
 capability to handle complex restraints (indeterminate structures can be solved) 




Moreover, FEM is saving time and money due to reducing the number of structure 
prototypes needed. In case the product is experiencing a boundary value problem, or is just 
being improved, may undergo the analysis in order to speed a modification and finally reduce 
its cost [24].  
7.4 Principle of FEM 
The procedure for finite element method consists of three main steps:  
 
1) PRE-PROCESSING 
a. definition of the geometric domain of the problem 
b. definition of element type and geometry  
c. definition of the material properties of the elements 
d. definition of the element connectivity (meshing) 
e. definition of the physical constraints (boundary conditions) and loads 
 
2) SOLUTION 
a. computation of  the unknown values of the primary field variables 




a. post-processor software performs operations for sorting, printing, and plotting. 
 
The Finite Element Analysis can be performed for one, two and three-dimensional 
problems. The one and two-dimensional problems can be solved without the help of 
computer, even though they can result in a great number of equations. Three-dimensional 
problems are way more challenging and require software to perform the analysis.  
7.4.1 Pre-processing Stage 
In the pre-processing phase the geometric structure is divided into small adjoining elements 
and as a result, the finite element mesh is built. After the mesh construction, the material 
properties are assigned to particular domains and the boundary conditions in the form of 
restraints and loads are applied.  
As the previous chapter has already implied, in the first step the actual geometry of the 
model is subdivided into the finite elements (forming mesh), which create the nodes (see Fig. 
7.1). The nodes are the points at which the field variable is expressed in terms of interpolation 
functions. Node points are mostly located on element boundaries where adjacent elements are 
connected. They reflect changes in material properties, geometry, applied boundary 
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conditions and loads. The interpolation functions are predetermined functions of the 
independent variables, describing the variation of the field variable within the finite element. 
The function forms for the field variable are most often polynomial, because they are easy to 
differentiate and integrate. The degree of the applied polynomial is given by the number of 
nodes belonging to one element [25].  
 
Fig. 7.1: 2D example of the mesh formation; actual geometry (left), geometry divided into finite 
elements (middle) and geometry with the marked nodes (right). 
In the following step, the model's degrees of freedom are assigned to the nodes. By the 
degrees of freedom are meant the independent displacements and/or rotations that specify the 
orientation of the element. Some nodes have fixed displacements, others have prescribed 
loads. In solid elements, mostly three translational degrees of freedom are assigned to the 
node. Rotations are executed by displacements of set of nodes relative to other nodes. Thin 
shell elements, on the other hand, have six degrees of freedom per node (three displacements 
and three rotations). Also the class of analysis determinates the number of degrees of freedom 
in the node. For instance, in a thermal analysis only one temperature degree of freedom exists 
in the node. 
The mesh creation is generally very time-consuming. In the past, the mesh was developed 
manually. Fortunately, nowadays there is a wide offer of software solutions for meshing. 
Some pre-processor software can even overlay a mesh on a CAD geometry, which may be (1) 
wireframe, where the edges are denoted by points and curves, (2) surfaced, with surfaces 
defining boundaries, or (3) solid, defining where the material is. Assuming there were not any 
computational limitations, the ideal mesh would be as detailed as possible. The more elements 
the geometry has, the more accurate the solution will be. However, the number of elements is 
also related to the computing time. Hence with the finest mesh the analysis will take longer to 
compute. Therefore it is a matter of finding a compromise between accuracy and processing 
time and the professional experience may be very helpful. The more sophisticated solution is 
to fix attention on the high-stress areas and around the complex shapes by selective refining of 
the mesh. This leads to increased accuracy without the increase of the computing time [24, 
30]. 
Once the meshing process is finished, the material properties are assigned to the model. It 




Afterwards, the loads and boundary conditions need to be applied. The loads are 
represented by forces affecting certain point, but may also be pressures, torques, temperatures, 
etc. Boundary conditions are restraints that determine how the part is constrained to resist 
loading. They basically tell the software how the loading is resisted by constraining 
translations and rotations of certain nodes [25]. 
Since the model’s been meshed, material properties assigned and loads and boundary 
conditions applied, the model can enter the solution phase. 
7.4.2 Solution Stage 
The solution phase does not require so active analyst’s input in comparison with pre-
processing and post-processing phases. These two phases of the finite element method may be 
very strenuous and time-consuming for the analyst, while the solution stage is mainly 
performed by computer.  
Firstly, the governing equations are recombined into a global system of equations for the 
total calculation. In the next step the equations are assembled into matrix form and are solved 
numerically, which results in calculated values at the nodes. The computed values of the field 
variable at the nodes (primary variables values) are used to approximate the values at non-
nodal points (additional variables) by interpolation of the nodal values. The assembly process 
is affected by the type of analysis (e.g. static or dynamic), by model's element types and 
properties, material properties and boundary conditions [24]. 
7.4.3 Post-processing Stage 
Once the model has been meshed, the boundary conditions and loads have been applied, and 
the solution has been found, it is possible to pass through the last stage. The phase is known 
as the post-processing and consists of the validity check of the result and examination of the 
analysis outcomes.  
In the earlier days, the analyst would have to search through the reams of numbers and 
manually review to understand the analysis results. At the present, thanks to the post-
processing software, we are able to use various displaying tools which make the results of the 
analysis easy to understand.   
Post-processing phase initiates with a problems check, in case some problems have 
occurred throughout the analysis. Software solvers often create a log file, where it is possible 
to find warnings or errors. The log files are of great help when the analyst wants to find out in 
which step exactly the problem has occurred during the analysis. 
After the problem check, the quantities of interest may be investigated. There are several 
display options which can be used, but the appropriate choice depends on the type of the 
quantity examined. For instance, the coloured pictures are a very intuitive way of interpreting 
the results and quickly getting a practical picture of the distribution of the quantity of interest 
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(see Fig. 7.2). Other options are different types of plots, vector arrows or dynamic viewing 
and animations [24]. 
Moreover, in order to visualize the results even better without increasing the processing 
time of the analysis, the adaptive mesh refinement may be implemented (see Fig. 7.2).  The 
principle consists of placing a finer mesh in regions where improvement is helpful or 
necessary. As a result, the distribution of the examined quantity is displayed in more detail in 
the important regions at the expanse of the less important ones.  
 
 
Fig. 7.2: Example of the adaptive meshing (left) and result interpretation (right) in Comsol 
Multiphysics. The picture shows the simulation of the magnetic field near coil in the presence of the 
magnetic shield. 
Although the post-processor software assists in better understanding of the finite element 
analysis results, the thorough knowledge of the problem is an absolute necessity for the 




8 COMSOL Multiphysics 
Since the simulation of the field electron emission forms the substantial part of this diploma 
thesis and is performed in the COMSOL Multiphysics 4.3, it is necessary to devote a chapter 
to this unique finite element analysis software.  
COMSOL Multiphysics (before 2005 also known as FEMLAB) is an integrated 
simulation environment for solving systems of time-dependent or stationary partial 
differential equations. In other words, it is an interactive complex environment for modelling 
and solving all kinds of scientific and engineering problems. COMSOL Multiphysics uses the 
finite element method for modelling. The solution may be implemented in one, two or three 
dimensions. COMSOL performs all stages of the modelling process starting with defining the 
geometry, assigning the physics, (adaptive) meshing, solving and finishing with post-
processing of the results (see Fig. 8.1). 
 
Fig. 8.1: Phases of the whole simulation process performed by COMSOL Multiphysics. 
The creation of the model is speeded up thanks to the predefined modelling modes for 
various applications, which serve as a template for some of the standard models. The user 
may choose from the COMSOL modules below, while each module contains several sub-
modules: 
 
 AC/DC  
 Acoustics 
 Chemical Species Transport 
 Electrochemistry 
 Fluid Flow 




 Radio Frequency 
 Structural Mechanics 
 Mathematics. 
 
The great advantage of COMSOL Multiphysics is that the user has an opportunity to 
choose different physics from the Multiphysics menu and define the interdependencies to get 
the multiphysics models that solve the coupled physics phenomena. One can also insert the 
partial differential equations manually and couple them with other equations and physics. The 
versatility of COMSOL may easily be extended with the additional modules or even by using 
its own scripting language - COMSOL Script [26]. 
8.1 COMSOL Multiphysics Environment 
When starting to set up a model, the first thing to display on the screen is the Model Wizard. 
The user can select a space dimension of the model, the application mode (relevant physics) 
and the study type (time-dependant, stationary, frequency-domain, etc.).  
Once the user closes the Model Wizard, the main window of COMSOL Multiphysics will 
appear (see Fig. 8.2). Most of the desktop area is filled with the graphics window displaying 
the constructed model (or its components). The menu in the left-hand window includes nodes 
which represent the modelling stages starting from the geometry of the model to obtaining the 
final solution. It is known as Model Builder and provides tree-arranged summary of the 
model. One is also able to change the functionality of the model by enabling/disabling the 
nodes in the Model Builder. The main nodes (containing several sub-nodes depending on the 
type of modelling) included are: 
 
 Global Definitions 
 Model 
 Study  





Fig. 8.2: Example of the COMSOL Multiphysics environment with the Model Builder on the left side.  
8.1.1 Global Definitions 
In this node, the user can define parameters, variables and functions. These definitions are 
valid throughout the whole modelling process. The Global Definition node is used to define of 
the geometry, material properties, forces or other relevant features of the model.  
8.1.2 Model 
The Model node is very extensive and contains a number of sub-nodes. The node is 
automatically created by the Model Wizard, depending on the type of study (e.g. steady-state, 
time-dependent, frequency-domain, or eigenfrequency analysis) to be carried out and the type 
of physics involved. The main sub-nodes are: 
1) Definitions 
Similarly as in the Global Definitions node, also in this node the parameters, variables and 
functions can be defined. The difference is that the definitions influence only the 
particular model, not the entire modelling process. 
2) Geometry 
In this sub-node the shape and proportions of the model are defined. There are several 
options for defining the geometry of the model. In case the model is of quite simple shape, 
the contours can be created by assigning the coordinates to the boundary points and 
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subsequent revolving around the axis or extruding into the three-dimensional space. There 
is also a possibility to import the prepared CAD (computer-aided design) geometry 
formed in the CAD software. The efficiency of the import process is ensured by the 
additional module for CAD import. The module supports several types of CAD software 
(e.g. AutoCAD, Pro/ENGINEER, Inventor, SolidWorks etc.) and most of the CAD-file 
formats. 
3) Material 
The Material sub-node enables to assign the material type to the parts of the model. The 
material can be either defined by the user or taken from the material library. There is also 
a possibility of adding the material properties to the existing materials or define properties 
that are functions of other variables. 
4) Physics 
In this node it is necessary to choose the physics relevant for the simulation. As it has 
been mentioned previously, the most convenient way is to take advantage of the 
predefined templates that COMSOL Multiphysics provides in the form of its physics 
modes.  
5) Mesh  
The Meshing node terminates the modelling part of the simulation. At first, the initial 
mesh is created, but it is often rather coarse. To improve the quality of the mesh, there is a 
refining button which can modify the mesh so that it is sufficiently fine. Moreover, when 
solving the steady-state problems, there is an option to choose an adaptive solver which 
will generate a problem adapted mesh according to user’s demands [29]. 
8.1.3 Study 
The Study node provides the features for the own solution of the problem. The node is also 
automatically generated by the Model Wizard, depending on the type of physics and study. In 
this node the user can select the solver to be used and the solver parameters. Majority of 
parameters have already reasonable values. The exception may be the time-dependent solver 
where it is necessary to adjust the interval for solving the problem as well as the output points.  
8.1.4 Results 
In this node, the final solution of the analysis is to be found. This section enables the user to 
post-process the data after the simulation so that they can be better understood. The node 
contains several sub-nodes, the most important ones are Data Sets, Derived Values and 
Tables. In the Data Sets node provides the list of available solutions. The node Derived 
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Values defines values to be derived from the solution and utilizes many post-processing tools. 
The node Tables is a location where the derived values and results from the simulation are 





9 Field-Emission Simulation in COMSOL Multiphysics  
The main objective of this chapter is to confirm the results of the Fowler-Nordheim analysis. 
The outcomes of the Fowler-Nordheim analysis are to be compared with the results of the 
computer simulation of the field-emission. The simulation is performed by means of 
COMSOL Multiphysics software.  
The field-emission modelling can be classified as a boundary value problem. As it has 
already been mentioned in the previous chapter, the boundary value problem is described by 
the partial differential equations together with a system of restraints, called the boundary 
conditions. A solution to a boundary value problem is a solution to the differential equations 
which also satisfies the boundary conditions. COMSOL Multiphysics software uses the finite 
element method to obtain the solution to the partial differential equations of the boundary 
value problem and therefore enables to model the field-emission and estimate the electric field 
distribution.  
Along with the estimation of the electric field distribution, COMSOL is also able to 
illustrate lines of force between the extraction electrode and the tip of the emitter. This 
component is important for the calculation of the trajectories of the electrons passing through 
the opening in the anode.  
COMSOL has a wide range of modelling possibilities. Due to its complexity, one has to 
choose correctly from the extensive possibilities that it offers when setting up a model. As the 
previous chapter implied, there is a certain procedure which should be followed to obtain the 
desired results. In the following text, the procedure of modelling of the cold field-emission 
cathode and subsequent field emission simulation is described.  
9.1 Model Set-up 
The initial phase of setting up the model is covered by getting through the Model Wizard. At 
first, the space dimension of the model is chosen. In this case, the space dimension is 3D. The 
second step consists of adding the relevant physics. For this model, the electrostatic mode is 
fitting. In the end, the stationary study type is selected.  
9.1.1 Global Definitions 
This node consists of the parameters that characterize the model and make the simulation 
more effective. Usually, there are also parameters used for the geometry formation, although 
in this case there is no need to specify those, since the most of the geometry was imported 
from AutoCAD software. Other parameters of the Global Definitions node are mostly 
concerning the physics (see Tab. 9.1) of the model. The parameters are defined in a way, so 




Tab. 9.1: Parameters of the model for the simulation in COMSOL Multiphysics 
Name of the quantity Value  
Accelerating voltage (V) 5000  
Anode (extraction) voltage (V) 300 
Anode opening diameter (mm) 0.2 
Height of the YAG scintillator (mm) 0.1 
Radius of the YAG scintillator (mm) 4 
Elementary charge (C) 1.6029×10-19 
Electron mass (kg) 9.1094×10-31 
9.1.2 Geometry 
The geometry of the field-emission cathode is quite complicated and therefore it is not 
originally defined by the coordinates in COMSOL. In this case, the more convenient option is 
to import the geometry of the model from CAD software. The software used for this purpose 
was AutoCAD. The geometry of the model consists of the following parts: cathode holder, 
cold field-emission cathode, anode and scintillator. The geometry in AutoCAD was created, 
so that it resembles the geometry of the emitter used in the experimental measurement as 
closely as possible (see Fig. 9.1). The close resemblance between the model and the real field-
emission cathode is highly important in order to acquire the correct results.  
 
Fig. 9.1: Basic geometry of the model without scintillator (half cross-section) in AutoCAD (left) and 
COMSOL Multphysics (right). 
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Once the geometry from AutoCAD is imported into COMSOL (see Fig. 9.1), the 
additional adjustments can be performed. Firstly, the model geometry is scaled in order to 
match the actual proportions of the field emitter. As it is visible from the Fig. 9.1, the 
imported geometry consists only of the half cross-section of the model. This simplified form 
of geometry is sufficient, because it is possible to take advantage of the fact that the model is 
axisymmetric and can be revolved into a 3D model. In the next step, the cross-section of the 
model is revolved from the specified work plane and the 3D model is created (see Fig. 9.2).  
 
Fig. 9.2: The field-emission model set-up; (from the left) cathode holder, cold field-emission cathode, 
anode and scintillator (right). 
9.1.3 Material 
Since the 3D model is prepared, the material type can be assigned to the particular parts of the 
model. The material assigned to the cathode (tungsten) and YAG (yttrium aluminium garnet) 
scintillator (Y3Al5O12) was taken from the COMSOL material library. Other materials for the 
cathode holder (ceramics and stainless steel) and anode (stainless steel) had to be defined 
additionally, where the main part consisted of assigning the proper relative permittivity value.  
9.1.4 Physics 
After defining the material, the relevant physics for the simulation is selected. In this case, 
when it is desired to model the field emission, the Electrostatic mode is suitable. The 
Electrostatic mode (interface) of COMSOL contains the equations, boundary conditions, and 
space charges for modelling electrostatic fields, which are necessary for solving the electric 
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potential problem. When this interface is added, there are several default nodes that are added 
automatically to the Model Builder.  
The first preset node is the Charge Conservation, which adds the equation for the charge 
conservation according to the Gauss’ law for the electric displacement field: 
  vrE   0 ,      (9.1) 
where ε0 is the permittivity of vacuum, εr  is the relative permittivity and ρv stands for the 
a space charge density. The electric field E is governed by the following equation:  
     UE  ,             (9.2) 
where U is the gradient of electric potential [26]. 
The other preset node is the Zero Charge, which adds the default boundary condition that 
states there is a zero charge on the boundaries. The charge on the boundaries can later be 
overridden by the charges added afterwards. 
The last default node is the Initial Values, where it is possible to set the initial value for 
the electric potential that can serve as an initial condition for a transient simulation and later 
can be also overridden by other added nodes. 
Nevertheless, these preset nodes are not sufficient so that the requirements of the field-
emission simulation are met. Therefore it is necessary to add other nodes that implement, for 
example, boundary conditions and space charges. The first added node is the Ground which 
implements ground as the boundary condition with the zero electric potential. It assigns the 
potential to the particular part of the model. In this case it is desirable to assign a potential to 
the scintillator, therefore all the boundaries of the scintillator are selected and assigned a zero 
potential. Another part, where the electric potential needs to be assigned is the anode. For that 
reason, the node Electric Potential is added and the potential is set to the value of 300 V. 
Similar node is created for the cathode, where the accelerating voltage is 5 kV (see Fig. 9.3). 
 




Meshing is considered a very important, though quite strenuous part of the modelling. The 
overall quality and distribution of the mesh determines the accuracy of the subsequent 
calculations and displaying of the physical quantities (electric field distribution, lines of force 
and electron trajectories). The ideal mesh distribution is when the mesh is detailed mainly for 
the areas of interest. 
When meshing the model, firstly the initial mesh of normal quality was created, but it was 
rather coarse and would not be sufficient for the accurate calculations of the physical 
quantities near the surface of the tip (see Fig. 9.4 and Fig. 9.5 on the left). Since for this 
reason it was desirable to refine the mesh, the extremely fine mesh was selected instead (see 
Fig. 9.4 and Fig. 9.5 in the middle). This mesh distribution is far more detailed and it would 
perhaps meet the requirements for the modelling, although the computing time would be too 
long. Along with the high computational requirements, the mesh also provides too many 
details in some regions, where it is not necessary. For modelling the electric field distribution 
near the cathode surface, the detailed mesh is required especially near the tip. However, the 
detailed mesh is generated at all regions with sharp edges and transitions; and as a result, 
some areas which are not of interest are uselessly covered with the extra fine mesh.  
 
Fig. 9.4: Examples of the mesh distribution: rather coarse mesh (left), extremely fine mesh (middle) 
and locally adapted mesh (right). 
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These two examples demonstrated the necessity of the adaptive meshing, which can be 
done by two methods. Firstly, there is an opportunity to define the element size parameters 
near the particular part of geometry (domain, boundary, edge, point). The other option for the 
local refinement is to define the precise distribution of the mesh by specifying the number of 
elements near the geometry parts. For the meshing of the electron jet model, both methods 
were used (see Fig. 9.4 and Fig. 9.5 on the right). The quality of the mesh can be assessed by 
means of the  
Tab. 9.2: Mesh statistics 
Property Value 
Minimum element quality 3.913E9 
Average element quality 0.6546 
Tetrahedral elements 53010 
Triangular elements 9442 
Edge elements 1720 
Vertex elements 153 
 
 
Fig. 9.5: Examples of the meshing near the cathode tip: coarse mesh (left), fine mesh (middle) and 
locally adapted mesh (right). 
9.2 Simulation Results 
This chapter deals with the results of the field emission simulation. The main emphasis is put 
on the estimation of the electric field distribution, particularly near the tip of the cathode. 
Furthermore, the lines of force between the anode and the tip of the cathode are calculated and 
visualised. Consequently, the trajectories of the electrons which are accelerated by the high-
voltage are simulated. In order to make sure that the simulation process represents the reality 
with the highest possible accuracy, the parameters characterizing the simulation of the field 
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emission (see Tab. 9.1) are matching those in the experimental measurement (and Fowler-
Nordheim analysis).  
Once the mesh is sufficiently fine and the physics is defined, all the calculations for the 
simulation can be carried out. The outcomes of the simulation may be visualized by different 
plots (1D, 2D, 3D). The most useful for the visualization of the field-emission simulation 
results are the 3D plots of: 
 
 electric potential 
 electric field 
 lines of force between the tip and anode and 
 electron trajectories.  
 
Fig. 9.6 displays the potential distribution near the surface of the experimental emitter. For 
the purpose of better recognition, the electric potential distribution is visualized by contours. 
The density of the contours is highest near the tip apex, which implies the highest field 
gradient in this area. Therefore it is probable that the value of the electric field strength near 
the tip will be sufficiently high to induce the emission of electrons. This assumption can be 
confirmed by the Fig. 9.7.  
 
Fig. 9.6: Electric potential distribution in the upper section of the electron jet. 
Fig. 9.7 illustrates the electric field distribution in the vicinity of the tip of the cathode. It 
is obvious that the electric field strength in the closest areas to the tip reaches values of 
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approximately 1.34×109 V/m, which corresponds with the values calculated by the Fowler-
Nordheim analysis (see Tab. 6.2). 
 
Fig. 9.7: Electric field distribution near the tip of the cold field-emission cathode. 
The deviations in the values obtained by the simulation and Fowler-Nordheim analysis 
may be caused by several factors. The value of the electric field strength near the tip of the 
emitter is mainly influenced by the tip radius, extraction and accelerating voltage, size of the 
anode opening and also by the distance between the tip of the cathode and anode. The results 
of the F-N analysis and simulation may slightly differ also due to the fact that the attributes of 
the emitter are more precisely defined in the simulation; and therefore it provides more 
accurate outcomes in comparison to the F-N analysis.  
Except of the electric field simulation, COMSOL is also able to calculate and visualize the 
streamlines of electric field between the field-emission cathode and the anode. The blue-
coloured streamlines are visible in the figure Fig. 9.8. As it is obvious that the boundary lines 
are following the aperture (opening) in the anode and behind it they bend towards the anode 
surface. Again, the shape of streamlines depends on many conditions, as it was in case of the 





Fig. 9.8: Streamlines of electric field between the cathode and anode in the upper section of the 
electron jet. 
The last figure (Fig. 9.9) illustrates what is happening once the electric field strength is 
sufficiently high (over 1×109 V/m) and the emission of the electrons occurs. The trajectories 
of emitted electrons are displayed as the red-coloured lines. Also in this case, the deviations of 
electron trajectories from the real ones may be caused by the factors already mentioned 
before. The overall deviation of the simulation from the reality may have the origin in the fact 
that not all the physical aspects of the experiment were taken into account during the 
simulation.   
 








The first five chapters of the master’s thesis contain the theoretical introduction to the topic, 
which is necessary for understanding the following practical part of the work. The first 
chapter is focusing on the conditions in the metal-vacuum interface. The second chapter 
discusses the particular types of emission, where the main part is composed of the field 
emission description. The stress is put on the phenomenon causing the field emission - 
quantum tunnelling. The third chapter is dealing with the electron emitters and their 
parameters, such as production material, construction possibilities and electric properties, 
along with the requirements for the operation of these emitters. The substantial part is 
describing the emitters based on the field emission. The fourth chapter deals with the 
preparation method of the field-emission cathodes. In the end of the theoretical part of the 
work, in the fifth chapter, the transmission electron microscope (TEM) is described. 
Once the theoretical background of the electron emission has been introduced, the work 
moves onwards to the practical part. This part of the master’s thesis is represented by the 
experimental study of the field-emission cathode and subsequent simulation of the 
experiment.  
The method used for the study of the cathode is Fowler-Nordheim analysis. At first, the 
relevance of the Fowler-Nordheim analysis is discussed along with the explanation of the 
Fowler-Nordheim plot. Afterwards, the Fowler-Nordheim analysis is carried out on the data 
from the experimental measurement. As anticipated, the analysis proved that the electron 
emission in the experimental measurement was a consequence of the quantum tunnelling 
phenomenon. Subsequently, the basic cathode characteristics were calculated and the values 
were corresponding to the theoretical ones. The characteristics are important for determining 
the overall quality of the electron emission and also providing information about the current 
condition of the cathode.  
Finally, the computer simulation of the experiment (field emission) was performed by 
using the finite element method implemented in COMSOL Multiphysics 4.3 software. The 
aim was to compare its results with the outcomes of the F-N analysis. At first, the theoretical 
background of finite element method and COMSOL software were introduced. Afterwards, 
the simulation was carried out and the electric field distribution in the vicinity of the tip was 
obtained along with the visualizations of streamlines of electric field and electron trajectories.  
Finally, the results from the computer simulation and F-N analysis were compared, which 
enables to assess the accuracy and relevance of the F-N analysis. The value of the electric 
field strength in the nearest position to the surface of the cathode approximately agreed with 
the value computed by the F-N analysis. However, there is a small deviation of the values, 
which may be caused by several factors. The value of the electric field strength near the tip of 
the emitter is mainly influenced by the tip radius, extraction and accelerating voltage, size of 
the anode opening and also by the distance between the tip of the cathode and anode. The 
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results of the F-N analysis and simulation may also differ due to the fact that the attributes of 
the emitter are more precisely defined in the simulation; and therefore this method provides 
more accurate outcomes in comparison to the F-N analysis.  
Nevertheless, this thesis proves that the Fowler-Nordheim analysis is a reliable method to 
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List of Symbols, Physical Constants and Abbreviations 
𝛼 Nordheim image correction factor 
a  area of electron emission 
𝐵  electron beam brightness 
CAD computer-aided design 
CCD  charge coupled device 
e electric charge 
E energy 
E  electric field strength 
𝐸𝐹 Fermi-energy level 
𝐸M mean value of field strength 
F-N Fowler-Nordheim 
FEM  finite element method 
GUI  graphical user interface 
μ Fermi energy 
𝜙  work function 
𝑗  current density 
𝑗𝐹  field emission current density 
𝑗𝑇 thermionic emission current density 
𝑗T𝑆  thermal-field emission current density 
k Boltzmann constant 
k  field reduction factor 
KOH  potassium hydroxide 
LaB6  lanthanum hexaboride 
m  slope in Fowler-Nordheim analysis 
n y-intercept in Fowler-Nordheim analysis 
NaOH Sodium hydroxide 
PDE partial-differential equation 
R  curvature radius of the tip apex 
r  curvature radius of the tip apex in hyperbolic approximation 
SEM  scanning electron microscopy 
𝑇 temperature 
TEM  transmission electron microscopy 
69 
 
𝑈  electric potential 
UHV ultra-high vacuum 
𝑉 voltage 
WO2  tungsten dioxide 
WO3  tungsten trioxide 
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Appendix 2: Model for the simulation of field emission in COMSOL Multiphysics 
(COMSOL Model File). 
Name: field_emission.mph 
 
Appendix 3: Summarizing report of COMSOL Multiphysics simulation process 
Name: COMSOL_field_emission_report.doc 
 
 
 
